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peded greater things from bis pregnant and fagacious 
Wit. For he was fcarce ao Years of Age when he held 
thefe Correfpondencies with Mr. Crahtrie. And at the 
Age of 23. he was killed at Marfton-Moor-Bauk, on 
Jul) 2. 1644. righting for King Charles I. His Father 
was Henry Gifcoigne Efq; of Mddleton, between Leeds 
and Wakefield. 



IV. ^tf Attempt towards the Improvement of the Me' 
thod of approximating, in the ExtraSiion of the 
%pots of Equations in Numbers. !By Brook Tay- 
lor, Secretary to the %oya\ Society. 

YN Phil. 'Tr an. No. 2 re. Dr. Halley, now Secretary of 
j[ the Royal Society, has pubiifh'd a very compendious 
and ufeful Method of extracting the Roots of affected 
Equations of the common Form, in Numbers. This 
Method proceeds by afTuming the Root defired nearly 
true to one or two Places in Decimals (which is done 
by a Geometrical Conltru&ion, or by fome other con- 
venient way) and correcting the AfTumption by com- 
paring the Difference between the true Root and the 
aflumed, by means of a new Equation whofe Root is 
that Difference, and which he fhews how to form from 
the Equation propofed, by Substitution of the Value 
of the Root fought, partly in known and partly in un- 
known Terms. 

Tn doing this he makes ufe of a Table of Produces 
(which he calls Speculum Ansljticum,) by which he com- 
putes the Coefficients in the new Equation for finding 
the Difference mentioned. This Table, I obferved, 
Was formed in the fame Manner from the Equation 

pro- 



( tfll ) 

propos'd, as the Fluxions are, taking the Root fought 
for the only flowing Quantity, its Fluxion for Unity. 
and after every Operation dividing the Product fuccefc 
fively by the Numbers i, iV 3, 4, &<:• Hence I foon 
found that this Method might ealily and naturally be 
drawn from Cor- x. Prop* 7. of my Methodus Incremnto- 
rttm, and that it was capable of a further degree of Ge- 
nerality; it being Applicable, not only to Equations of 
the common Form, (viz,, tucb as coafift of Terms where- 
in the Powers of the Root fought are pofuive and inte- 
gral, without any Radical Sign) but aifo to all ExpreC- 
fions in general, wherein any thing is.propofed as given 
which by any known Method might be computed ,- if 
vice versa, the Root were confider'd as given : fuch as are 
all Radical Expredions of Binomials, Trinomials, or of 
any other Nomial, which may be computed by the Root 
given, at leaft by Logarithms, whatever be the Index 
of the Power of that Nomial; as likewife ExprefTions of 
Logarithms, of Arches by che Sines or Tangents, ok* 
Areas of Carves by the Abfciffas or any other Fluents, 
or Roots of Fluxional Equations, &c. 

For the fake of this great Generality, it may not be 
improper to {hew how this Method is derived from the 
forefaid Corollary. '■ Therefore z> and x being two flowing 
Quantities (whoCc Relation to one another may be ex- 
preft-by any Fquation whatfoever) by this Corollary, 
while z by flowing uniformly becomes. z-\-v, x will 

become x -\- — r v -] v ~\ v* ~\~ &e. 

i.j& i.zz, 1. 2.. 3 z, 

XV XV 1 ' xv* , - . 

or x J - f- eye. for z, putting 1. 

I IXJ X.Z.J 

Hence if y be the Root of any Expreffion formed of 
y and known Quantities, and fuppofed equal to nothing, 

and 
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and z be a part of y, and x be formed of z and the 
known Quantities, in the fame manner as the Expreffion 
made equal to nothing is formed of y ; and tety be equal 
to z -J- v: the difference v will be found by' Extracting 



XV x v z " X V* 



the Root of this expreflion x -\- ^- -A \- 

i »i . x i . z . 3 

-j- ($V. == o. For in this Cafe z being become z -\-v =y. 



xv 7. 



x, which is now become x -f- x v -\ -f" &c. 

mud become equal to nothing. 



xV x v z t x v* 



The Root v in the Equation x -| J ] — - 

r i .% i . % . 3 

-|- &c. ±= o, is to be found upon the Suppofition of its 
being very fmall with refped to z, (as it muft be, if 
z be taken tolerably exact) by which means the Terms 



v i y v* 



| f- eJv. may be neglected, upon ac- 

j.z.3 i.x.3-4 

count of their fmallnefs with refped to the other Terms, 



xv xv z 



Co as to leave the Equation a: -4 -\- = o, for 

i i.x 

rinding the firft approximation of v. 

By extracting the Root of this Equation, we have 

x z zx x rr ,, 
v—</ - ~rr — — • That is, 

X % XX 



't ' " z 

X XX X . X V 

Firft, V* .77 — — - — — , i( x -\- x v -{- — — = o. 

XXX 2, 



X* XX X , . xv z 



Sec. -• - — j — — » if — x -\- xv ~\- — = o. 

Thirdly 



x z XX 
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X x~ I* , XV 

3. — — • V — T, if AT — « V -J , 0T. = O. 

X X 1 M I 



X X Z ZX , . .XT? j 

4. -r- — V* — -| r., It — x~xv-\ i &C. l =0. 

XXX i 

This approximation gives v exacl: to twice as many 
places as there are true Figures in z, and therefore tre- 
bles the number of true Figures in the Expreflion of y by 
z -\- v, which may be taken for a new Value of z>, for 
computing a fecond v, fecking other Values of x, x , x, 
&c, Tho' when z, is tolerably exadl (which it may be 
efteem'd when it contains two or three or more true 
Figures in the Value of y, according to the Number of 
Figures the Root is propofed to be computed to,) the 
Calculation may b e refto r' d withou t, fo much trouble, 

. , 1 - y ** r 2 x % * * a * 
only by taking v — + — . — -^ — r.»* 

x x z -3x I.2.3.4JC 

x z . ix 



&c. inftead of ■ V -rr ~b —■ taking every time for v 

x" 

its Value lad computed. 



X X 



From the fame Equation x -J- x v -] \- 



x v~ . X v* 



% 1 .1.3 

4- e?£ . == o, may be gather'd alfo a rational Form, viz. 

^ __. r F or neglecting the Terms ■ , &c. 

X X I-2.-3 

% X 

X X 

we have v — which is nearly — . Thcre- 

- , * '' * 

X -i v 

X 

fore in the Divifor inftead of v writing - — r we have 

X 

B b b b b more 
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more exa&ly v = , ^~ , that is 



* x 

x — — : 
2 x 

— X . 'xv z 
i. — . when x 4- x v -] ere. = o. 

* AT ' Z 

# — — : 
2. X 

AT ic f 

a , — -r— , when — x 4- * * -j — — $*• = o. 

,. *-AT * 

*H : 

2 * 

A* . . X V % 



-, when a; — lev 4- — — cfc- = o., 



* AT 2 

1 X 

X x v z , 

^, _. f Wnen # x ^4 &C- = O. 

, .xx 2 

jc -] : 

2 » 

This Formula will alfo triplicate the number of true 
Figures in s. And the Calculation may be repeated, af- 

ter every Operation, taking for a Divilor x ^2 — v -j~ 



2 



'* v 2, '« v % , „,„*■*■ 



■\- &c. inltead of x -\- — :. 



1.2.31.2.3.4'" ' z X 

Dr, v%% has fully explain'd the manner of ufing both 

thefe Formula's in ^Equations »f the common Form ; 

wherefore I fhall be the fhorter in explaining two or 

three Examples of another fort. 

Ex. I. Let it be propofed to find the Root of this E- 

quation f -\- il Vz 4- y — 16 — 0. Jn thi s Cafe, for 

y writing z, and for o writing x, we have z? -\- 1 



V i 
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~\- z — 16 = at. Whence by taking the Fluxions, 
we have it=:iv'i "Xz, x s 1 4" *l ~ + *> and # == 
xVixS — 4 V z £ x a* + l \^ i ~ i * For finding 
the firft Figures of the Root y, for V z take ~ t and we 

have the Equation f + \\ x 4" f — 16 = o 5 which being 
expanded gives y 6 + 3 f -\-% f -\- %t y — *55 ~ o. 
By this Equation I find that for the firft fuppofition 
we may take z = x. Therefore in order to find v, let 
us now make V x-=.}, (which is nearer than before) 



and we 

7 

— r- 


have x ■. 

-14 = - 


= * z -f ii 

-4,48; xz 


r + * 
= 10, 


66 


16. 

; * - 


= ** + 

= 4,7^- 
4>4JL 


-if 

xi s — 14 

Whence 



10,66 + *' 71 x 4-4^ 
z x 10,66 

= 0, ;8 ; which muft be too big, becaufe \ < V i, and 
therefore will require a larger Value of y to exhauft the 
Equation, than where V 2 is exact For the fecond fup- 
pofition therefore, let us take z =2, 3, and make V 3 
— I >4 I 4 lt l^» anc ^ by hdp of the Logarithms we ftiali 
have z x -\- i| v/2 '=: 13, 47294, whence a; = — 0,2,2,706; 
xr=i4, 934*9> and »— 5, » 8419. Hence by the id. 

irrational Formula vz=.v 4^+ + 77777: — 

5-, 18419- 5,13419 

I 4'934 Ji9 — . 0j 01516, which gives y = * + t/ — 

5, 1X419 
2,31516, which is true to fix Places. If you defire 
it more exacl; than to the extent of the Tables of 
Logarithms, taking %•=. %, 315 16 for the next fuppo- 
fition, the Calculation muft be repeated by computing of 

zz + i!^ 2 to a fufftcient number of Places; which muft 
be done by the Binomial Series, or by making a Loga- 

Bbbbb i rithna 
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richm on purpofe, true to as many places as are necef- 
fary, 

Bx. II. For another Example, let it be required to .find 
the Number whofe Logarithm is o, 29, fuppofing we had 
no other Table of Logarithms but Mr. Sharps of too Lo- 
garithms to a great many places. This amounts to the 
refolving this Equation / y = o, 29, or ly •— o> 29 = o. 

Hence therefore we have x = / x — o, 29, x ■=. — ("4 

being the Modulus belonging to the Table we ufe, vizi 

, .. — a .. z.a .. — 6 a 
o, 4341944819, arc.) x — —r, * = — , i = — — 

C$r. In this Cafe becaufe x has a negative Sign, changing 
the Signs of all the Coefficients, the Canon for v will 

be found in the fourt h Cafe, which in the irrational Form 

• 2. 

x X XX Z x 2.x 

gives V z=-r: — V — -] — — -^ — ' ~ v\ 

xxx x. 3 * x .3 .4* 



2 /a O, f 8 ^ 2^ Xl/i- 



„ J 3 



2 t> y 



<* 3 z 4 s 2 



H : &c. In this Cafe to avoid often dividing by z, it 

$ z,* 



will be molt convenient to compute — , which is got 



from this Equation — =1 — s/ 1 -\ — -j- 

2,<D 3 2 "V 4 2 V s 

— : — — : -] :. &c The neareft Logarithm, jn 

the Tables propofed, to the propofed Logarithm o, 29 
180,29003461x4, its Number being i % $5. Therefore 
for the firfl fuppofition taking z = x, 95, we have x 
(■=, lz — o, 29 = o, 2900346114 — o, 29 ) — 

Of OOOO 
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ji/s — 0,58 o,cooo69iaj.-3 

0.00003461 14, and J — = z -~ — = 

' " • ^ 4 0,43429443x9 

, , a/* — 0,5^ 
o, 000159391 39,- and 1 -\ — = 1,0001 5:9. 

39139 Whence for the firft approximation we hare 

— = .1 — V 1, 000159591 39 = — o, 00007969-147, 
z 

and v ■= — o, ocos55'4003^, and y ■= z, -}- v = 

2,94984459968. Which is true to eleven places, and 

may eafily be corrected by the Terms — - $s.- which I 

leave to the Readers curiofity. 

Being upon the Subject of Approximations, it may 
not be amKs to fee down here two Approximations I have 
formerly hit upon The one is a Series of Terms for 
exprefifing the Root of any Quadratick Equation : and 
the other is a particular Method of Approximating in me 
invention of Logarithms, which has no occafion for any 
of the Tranfcendental Methods, and is expeditious e- 
no.ugh for making the Tables without much trouble, 

A general Series for exprejjing the Root of any Quadratick 

Equation, 

Any Quadratick Equation being redue'd to this Form 
xx — mq x -\-mf=.o, the Root x will be expreft by 
this Series of Terms. 

x = J-+A x-^ -l-Bxi- 1 ~4-€xTr J -T 

q ' mq ' * — .2. o — 2. 

y — "" 

-f-D x 1 &c> Which muft be thus interpreted. 

1. The Capital Letters A, B, C, £c, fland for the 
whole Terms wich their Signs, preceding thofe where- 
in 
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in they are found, as B = A x 



m q x 

— '■ — z 



y. 

2. The little Letters a, h, c, &c. in the Divifors, are 
equal to the whole Divifors of the Fraction in the Terms 
immediately preceding; tbus£=/ — 2. 

For an Example of this, let it be required to find 
*/ 2. Putting V 2 = x -f- *» we have x z -j- *x — i = 
o, which being compared with the general Formula, gives 
mq — — 2, and m y z-~ — t : therefore for m taking 
— i, we haye q — i, and y — i, which Values fubfti- 

suted in the Series give x = — -> — - — 7 

6 z 2 x 6 2 x 6x34 



2 x 6 X 84 X 1 i 54 ~ x x 6 X 34 X 1 154 XiU l7l 4' 
©V. The Fractions here wrote down giving the Root 

true to twenty three Places. 

A neve Method of confuting Logarithms. * 

This Method is founded upon thefe Confiderations. 

1. That the Sum of the Logarithms of any two Num- 
bers is the Logarithm of the Product of thofe two Num- 
bers Multiplied together. 

2. That the Logarithm of Unite is nothings and 
confequently that the nearer any Number is to Unite, 
the nearer will its Logarithm be to o. %dly- That the Pro- 
duct by Multiplication of two Numbers, whereof one 
is bigger, and the other lefs than Unite, is nearer to U- 
nite than that of the two Numbers which is on the fame 
fide of Unite with its felf ; for Example the two Num- 
bers being f and ~, the Product £ is lefs than Unite, 
but nearer to it than f, which is alio lefs than Unite. 
Upon thefe Confiderations, I found the prefent Ap- 
proximation .; 
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proximation ; which will be bell explain'd by an Ex* 
ample. Lee it therefore be propofed to find the Re- 
lation of the Logarithms of 2 and of io. In order 

tothis.ItaketwoFradicns —-and—, viz, =^4and=^n; 

' IOO 10 io| io; , 

whofe Numerators are Powers of a, and their Denomi- 
nators Powers of 10; one of them being bigger, and 
the other lefs than 1. Having fee thefe down in Deci- 
mal Fra&ions in the firft Column of the Table annext. 
againft them in the fecond Column I fet A and 8 for 
their Logarithms, cxpreffing by an Equation the manner 
how they are Compounded of the Logarithms of x and 
10, for which I write /2 and / fo. Then Multiplying 
the two Numbers in the firft Cciumn together, 1 have 
a third Number 1,024, againft which I write C for its 
Logarithm, expreffing likewise by an Equation in whac 
manner C is formed of the foregoing Logarithms A and B. 
And in the fame manner the Calculation is continued ; 
only obferving this Compendium, that before I Multiply 
the two lad Numbers already got in the Table, I consi- 
der what Power of one of them mult be ufed to bring 
the. Product the neareft to Unite that can be- This is 
found, after we have gone a little way in the Table, only 
by Dividing the Differences of the Numbers from Unite 
one by the other, and caking the Quotient with thenear» 
eft, for the Index of the Power wanted. Thus the two 
lafl Numbers in the Table being o, 8 and 1, 0x4, their 
Differences from Unit are c, 200 and 0,0x4; therefore 

±__£_ gives 9 for the -ndex; wherefore Multiplying the 

ninth Power of 1,024 by 0.8, f have the next Number 
0,990352.031419, whole Logarithm is D = 9C-!-B. 
In Peeking the Index in this manner by Divifion of the 
Differences, the Quotient caght generally to be taken 

with 
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With the leafi : but in the prefent cafe it happens to be the 
moft, becaufeinftead of the Difference between o, 8 and 
i, we ought ftridiy to have taken the difference between 
the reciprocal 1,2.5 and 1, which would have given the In- 
dex ioj and that would be too big, becaufe the Product 
by that means would have been bigger than 1, as 1,014 
is. Whereas this- Approximation requires that the Numbers 
in the' ftrft Column be alternately greater and left than 
1, as may be feen in the Table. 

When f have in this manner continued the Calcula- 
tion, till I have got the Numbers {mail enough, I fup- 
pofe the kit Logarithm to be equal to nothing. Which 
gives mean Equation, from which having got away the 
Letters by means of the foregoing Equations, I have 
the relation of the Logarithms propofed. fn this man- 
ner if 1 fuppofeG =0, 1 have zt 36/ 2 — 643 /io = o. 
Which gives the Logarithm of % true in feven Figures, and 
too big in the Eighth ; which happens becaufe the 
Number correfponding with G is bigger than Unite. 

There is another Expedient which renders this Cal- 
culation ftill ihorter. It is founded upon this Considera- 
tion, that when x is very finall 1 -j- x" is very nearly 
x -j- n x> Hence if I -f- x, and * — z are the two laft 
Numbers already got in the fsrft Column of the Table, 
and their Powers i -j- a ^and 1 — z \ n are fuch as will 
make the Product 1 -\-x\ m x 1 ~j- z\" very near to Unite, 
m and n maybe found thus: 1 -\- x\ m =i 4-mx, and 
1 _ z) n = 1 — n z> and confequently 1 -J- x\ m xi- zf 
— i-\~mx — nz — mnzx,oi (neglecting mn z x) 1 -f- 

mx — «£• Mak e this equal to 1, and we have m-.n-.i 

z-.:x.:: 1 1 — z: / 1 -j~ x. W hence x 1 1 — z-\- zl 1 -}- x 
= o. To give an Example of the Application of this, 
Jet 1,02,4 anci °>99°35i he the laft Numbers in the 
Table, their Logarithms being C and D. Then we have 

3,014 
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I have computed this Table fo far, that the Reader 
tnay fee in what manner this Method Approximates ; 
this whole Work, as it appears, coding a little more than 
three Hours time. 



V. (proprieties quddam fimplkes Se&ionum Coni- 
earum ex natura Focorum dedutld ^ cum Tbeore- 
mate generalise Viribus Centrlpetls 5 quorum ope Lex 
"Virlum Centrtpetarum ad ; Focos SeBionum tenden* 
tinm y Vehdtates Corporum in Mis reyohentium y 
<jp De/criptio Orbium faallime determinantur. Ver 
Abr. de Moivre, R. S. Soc. 

Sit D E Axis Tranfverfas Ellipfeos, A Axis alter, 
& C centrum Se&ionis. Sic P punctum quod vis 
in circumferentia ejus ; P £L Tangens curvse ad P, oc- 
eurrens Axi Tranfverfo ad J^; pun&a S, F Foci ; C P, 
CK femidiametri Conjugatce ; '-FTJ Semilatus redum 
ad diametrum PC; V 6 normalised Tangentem, cui oc- 
currat HG, perpendicularis ipfi P C Pf, in pundo G, ut 
flat PG radius Curvatura* Ellipfeos in puncto P: fine 
etiam ST, C R, FV perpendicularcs in Tangentem 
P g^dtmlttk : Jungatur SO, & demittatur in Axem 
normaiis P L. Kis pofitis, Dico quod, 

I. Reclangulum fttb diflantiis ab utroqu Ellipfeos Fcco, 
five S P xt F aquale eft quadrato Semidiamtri C K. 

Demcnftraiio. 

PSq=zPCq-\-CSq — zCS xCLper 13. IT. Elem, 
PFq=PCq-\-CSq + zCS x C L pern, il. Elem, 
Unde PSq~\-PFq = z PCq-^-zCSq. 
Jam P S -!- P F—D E=.xCD; ac propterea 
PSq-\-PFq-\-%PS x PF=^CPq. Quar s 



